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Computable functions and pure lambda calculus

feN—-N
f={(0,0),(1,2),(2,4),(3,6),(4,8),... }
f={(y)|ly=x+x}

f(x) = x+x
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Computable functions and pure lambda calculus
M,N = x| AxM|MN

feN—N
f={(0,0),(1,2),(2,4),(3,6),(4,8),... }

f={(y)ly=x+x}
f(x)= x+x

f= M. ADDxx ((ADD x;) = g where g(x) = x1 + x2)
f= MAx.MULT x TWO
f = Ax.SUBS (MULT (ADD x ONE) TWO) TWO

f(2) = (Ax.ADD x x) TWO —s ADD TWO TWO —> ...
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AX. X

AX.Ay. x

AX. X X

AA is (Ax.xx)(Ax.xx)

IM— M
KMN— (A\y M)N — M
AM— MM

Q—Q—Q— ...
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Reduction in \

(M.B)N — [N/x]|B

(5)
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(5)

B— B

Mx.B — \x.B’
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Conversion in A\

(M.B)N = [N/x]|B )

M = M N = N B = B
MN = MN MN = MN Ax.B = Mx.B

M = N N = P
M =M M = P
M normal form : no (Ax.B)N subterm in M
M normal foom : M =Zand Z normal form

Z unique . consistent proof theory



Can all terms without normal form be considered
equal?

Q =X xxQ
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Q(KI) =KIQ
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QK =1



Can all terms without normal form be considered
equal?

Q =X xxQ
iff

Q(KI) = (AxxQ)(KI)
iff

Q(KI) =KIQ
iff

QK =1

Adding axioms that equate terms without normal form:
inconsistent proof theory!
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Solvability
Definition (Barendregt '71)

M closed is iff there exist closed operands N, . ..

with n>0s.t. MN;--- N, = Z a normal form.

» Nn
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Q is unsolvable
Ax.x Q is solvable
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with n>0s.t. MN;--- N, = Z a normal form.

Definition (Wadsworth '78)

M closed is iff for every term X there exist closed
operands Ny, ..., N, withn>0st. MN;--- N, = X.

Lemma (Wadsworth '78)

If T closed has normal form then for every term X there exist
X, .o, Xest, TXy-- X =X,

Definition (Barendregt '84)

M closed is iff there exist closed operands Ny, ..., N,
withn>0st. MN;--- N,=1.
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Solvability (open terms)

Definition (Wadsworth '78)

M arbitrary is solvable iff there exists (Axq ... Xm.[ [)N1 -+ N,
with m,n > 0 s.t.

(A1 ... X [M])Ny - - - N, = Z a normal form.
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Solvability (open terms)

Definition (Wadsworth '78)

M arbitrary is iff there exists (Axy ... xm.[ )Ny -+ N,
with m,n > 0 s.t.

(A1 ... X [M])Ny - - - N, = Z a normal form.
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Solvability (open terms)

Definition (Wadsworth '78)

M arbitrary is iff for all X there exists
(Mo X[ [)Ny -+ - N, with m,n > 0 s.t.

(A1 X [M])Ny - - - N, = X.
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Solvability (open terms)

Definition (Wadsworth '78)

M arbitrary is iff there exists (Axy ... xm.[ )Ny -+ N,
with m,n > 0 s.t.

()\Xl .. .Xm.[M])Nl cee Nn =1

Ox x QKT — KIQ — |
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Operational relevance and effective use

Genericity Lemma (Barendregt '84)
M is solvable iff

3C[ |. C[M] = Z a normal form A =(VX.C[X] = Z).

normal forms C solvables

Adding axioms that equate unsolvable terms:
consistent proof theory!
Full reduction and open terms: suitable for metaprogramming!
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Conversion in the lambda-value calculus (\y)

(Plotkin '75)
N € Val := x | Ax.M (Bv)
(Mx.B)N =, [N/x]B "
M=, M N =y N B =v B




Why values instead of normal forms?
Preserving confluence by preserving potential divergence.

(M.(Ay.D(xAQA))A
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Why values instead of normal forms?

Preserving confluence by preserving potential divergence.

(Mx.(Ay.D)(xA))NA —v Ay H)Q —y ...

Av-normal-forms don't have subterms (Ax.B)N
(Ay.1)(x A) is a A\y-normal-form

Sequential character of \,-normal-forms.

(x M)(y N)
(Az.z(y N))(x M)
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v-solvability
Definition (Paolini & Ronchi della Rocca '99)

M closed is v-solvable iff there exist closed values V4, ..., V,
withn>0st. MV;---V,=y L
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v-solvability
Definition (Paolini & Ronchi della Rocca '99)

M closed is iff there exist closed values Vi, ..., V,
withn>0st. MV;---V,=y L

Some Ay-normal-forms are v-unsolvable!

(Ax.(Ay.D)(xDHA)V; —y (Ay.A) A
— (\y.D)A — Q — ...

Does not capture operational relevance!
Adding axioms that equate v-unsolvables: inconsistent proof
theory!
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v-solvability
Definition (Paolini & Ronchi della Rocca '99)

M closed is iff there exist closed values Vi, ..., V,
withn>0st. MV;---V,=y L

SECD Machine (Landin '64).

Lazy call-by-value evaluation (Egidi, Honsell, Ronchi della
Rocca '91).

Only weak reduction and closed terms: not suitable for
metaprogramming!
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Start from scratch

Definition (Garcia-Pérez & Nogueira 2016)

M is )\ -solvable iff there exists (Axq ... Xm.[ ])Ny -+ N, with
m,n>0st. (Axg...xn.[M])Ny--- N, has \y/-normal-form.

12 /13



Start from scratch

Definition (Garcia-Pérez & Nogueira 2016)
M is iff there exists (Axy ... xm.[ ])N1--- N, with
m,n>0st. (Axg...xn.[M])Ny--- N, has \y/-normal-form.

The A\y-normal forms are \y-solvable!
Adding axioms equating \,-unsolvables of the same order:

consistent proof theory!
Full reduction and open terms: suitable for metaprogramming!

12 /13



Start from scratch

Definition (Garcia-Pérez & Nogueira 2016)

M is iff there exists (Axy ... xm.[ ])N1--- N, with
m,n>0st. (Axg...xn.[M])Ny--- N, has \y/-normal-form.

The A\y-normal forms are \y-solvable!

Adding axioms equating \,-unsolvables of the same order:
consistent proof theory!

Full reduction and open terms: suitable for metaprogramming!

Av-solvability captures operational relevance:
» Transformability. Ability to send a term to a value of your
choice (captured by v-solvability too).
» Freezability. Ability to send a term to a Ay-normal-form,
albeit not of your choice (captured by Ay-solvability only).

12 /13



Start from scratch

Definition (Garcia-Pérez & Nogueira 2016)

M is iff there exists (Axy ... xm.[ ])N1--- N, with
m,n>0st. (Axg...xn.[M])Ny--- N, has \y/-normal-form.

The A\y-normal forms are \y-solvable!

Adding axioms equating \,-unsolvables of the same order:
consistent proof theory!

Full reduction and open terms: suitable for metaprogramming!

Av-solvability captures operational relevance:
» Transformability. Ability to send a term to a value of your
choice (captured by v-solvability too).
» Freezability. Ability to send a term to a Ay-normal-form,
albeit not of your choice (captured by Ay-solvability only).

Ax.(Ay.A)(x1)A

12 /13



Start from scratch

Definition (Garcia-Pérez & Nogueira 2016)

M is iff there exists (Axy ... xm.[ ])N1--- N, with
m,n>0st. (Axg...xn.[M])Ny--- N, has \y/-normal-form.

The A\y-normal forms are \y-solvable!
Adding axioms equating \,-unsolvables of the same order:

consistent proof theory!
Full reduction and open terms: suitable for metaprogramming!
Av-solvability captures operational relevance:
» Transformability. Ability to send a term to a value of your
choice (captured by v-solvability too).
» Freezability. Ability to send a term to a Ay-normal-form,
albeit not of your choice (captured by Ay-solvability only).

(Ax.(Ay.A)(x)A)(Ax.zK)

12 /13



Start from scratch

Definition (Garcia-Pérez & Nogueira 2016)

M is iff there exists (Axy ... xm.[ ])N1--- N, with
m,n>0st. (Axg...xn.[M])Ny--- N, has \y/-normal-form.

The A\y-normal forms are \y-solvable!
Adding axioms equating \,-unsolvables of the same order:

consistent proof theory!
Full reduction and open terms: suitable for metaprogramming!
Av-solvability captures operational relevance:
» Transformability. Ability to send a term to a value of your
choice (captured by v-solvability too).
» Freezability. Ability to send a term to a Ay-normal-form,
albeit not of your choice (captured by Ay-solvability only).

(Ax.(Ay.A)(xDHA)(Mx.zK) — (A\y.A)((Mx.zK)DHA

12 /13



Start from scratch

Definition (Garcia-Pérez & Nogueira 2016)

M is iff there exists (Axy ... xm.[ ])N1--- N, with
m,n>0st. (Axg...xn.[M])Ny--- N, has \y/-normal-form.

The A\y-normal forms are \y-solvable!
Adding axioms equating \,-unsolvables of the same order:

consistent proof theory!
Full reduction and open terms: suitable for metaprogramming!
Av-solvability captures operational relevance:
» Transformability. Ability to send a term to a value of your
choice (captured by v-solvability too).
» Freezability. Ability to send a term to a Ay-normal-form,
albeit not of your choice (captured by Ay-solvability only).

(Ax.(Ay.A)(xDHA)(Mx.zK) — (A\y.A)((Mx.zK)DHA
— (A\y.A)(zK)A

12 /13



Start from scratch

Definition (Garcia-Pérez & Nogueira 2016)

M is iff there exists (Axy ... xm.[ ])N1--- N, with
m,n>0st. (Axg...xn.[M])Ny--- N, has \y/-normal-form.

The A\y-normal forms are \y-solvable!
Adding axioms equating \,-unsolvables of the same order:

consistent proof theory!
Full reduction and open terms: suitable for metaprogramming!
Av-solvability captures operational relevance:
» Transformability. Ability to send a term to a value of your
choice (captured by v-solvability too).
» Freezability. Ability to send a term to a Ay-normal-form,
albeit not of your choice (captured by Ay-solvability only).

(Ax.(Ay.A)(xHA)(Ax.zK) — (A\y.A)((Mx.zK)DHA
s (D)2 K)A

12 /13



Our contributions

» Definition of A\y-solvability that captures operational
relevance of arbitrary terms (not necessarily closed).

» Full reduction and open terms.

» Sequentiality of terms matters.

» Consistent proof theory.

» Partial Genericity Lemma (order of a term matters).

» Characterisation of complete reduction strategies with
respect to \,-normal-form.

» Do models for sequentiality (Berry & Curien '82) satisfy
our theory?
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» Definition of A\y-solvability that captures operational
relevance of arbitrary terms (not necessarily closed).

» Full reduction and open terms.

» Sequentiality of terms matters.

» Consistent proof theory.

» Partial Genericity Lemma (order of a term matters).

» Characterisation of complete reduction strategies with
respect to \,-normal-form.

» Do models for sequentiality (Berry & Curien '82) satisfy
our theory?

Thanks!
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